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--------------------------------------------------------------------------------------------------------------------------------------
-Introduction to Transport Phenomena: Final Exam Solutions

--------------------------------------------------------------------------------------------------------------------------------------
Question 1 – Solutions (15 points)
Throughout the problem, A is used for NH3.
1) (1pt)

2) (3pts)

3) (4.5 pts) We are given:
𝐶𝐿

𝐴,𝑏 = 6.42∙10−2 𝑘𝑚𝑜𝑙
𝑚3

𝐻 = 9.35∙10−3 𝑎𝑡𝑚∙𝑚3

𝑘𝑚𝑜𝑙

𝑃𝐺
𝐴,𝑏 = 0.1 𝑎𝑡𝑚

We have the following equations:
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𝑛𝐴 = 𝑘𝐿,𝑙𝑜𝑐 𝐶𝐿
𝐴,0 − 𝐶𝐿

𝐴,𝑏 (1)
𝑛𝐴 = 𝑘𝐺,𝑙𝑜𝑐 𝑃𝐺

𝐴,𝑏 − 𝑃𝐺
𝐴,0 (2)

𝑃𝐺
𝐴,0 = 𝐻𝐶𝐿

𝐴,0 (3)
If we divide equation 1 by equation 2, we obtain:

1 =
𝑘𝐿,𝑙𝑜𝑐
𝑘𝐺,𝑙𝑜𝑐

∙
𝐶𝐿

𝐴,0 − 𝐶𝐿
𝐴,𝑏

𝑃𝐺
𝐴,𝑏 − 𝑃𝐺

𝐴,0

We can replace 𝑃𝐺
𝐴,0 with 𝐻𝐶𝐿

𝐴,0

1 =
𝑘𝐿,𝑙𝑜𝑐
𝑘𝐺,𝑙𝑜𝑐

∙
𝐶𝐿

𝐴,0 − 𝐶𝐿
𝐴,𝑏

𝑃𝐺
𝐴,𝑏 − 𝐻𝐶𝐿

𝐴,0

We know everything in the equation except for the liquid concentration of NH3 at the interface.
Doing math to solve for 𝐶𝐿

𝐴,0 :
𝑘𝐺,𝑙𝑜𝑐
𝑘𝐿,𝑙𝑜𝑐

𝑃𝐺
𝐴,𝑏 − 𝐻𝐶𝐿

𝐴,0 = 𝐶𝐿
𝐴,0 − 𝐶𝐿

𝐴,𝑏

𝑘𝐺,𝑙𝑜𝑐
𝑘𝐿,𝑙𝑜𝑐

𝑃𝐺
𝐴,𝑏 + 𝐶𝐿

𝐴,𝑏 = 𝐶𝐿
𝐴,0 +

𝑘𝐺,𝑙𝑜𝑐
𝑘𝐿,𝑙𝑜𝑐

𝐻𝐶𝐿
𝐴,0

𝑘𝐺,𝑙𝑜𝑐
𝑘𝐿,𝑙𝑜𝑐

𝑃𝐺
𝐴,𝑏 + 𝐶𝐿

𝐴,𝑏 = 𝐶𝐿
𝐴,0(1 +

𝑘𝐺,𝑙𝑜𝑐
𝑘𝐿,𝑙𝑜𝑐

𝐻)

𝐶𝐿
𝐴,0 =

𝑘𝐺,𝑙𝑜𝑐
𝑘𝐿,𝑙𝑜𝑐

𝑃𝐺
𝐴,𝑏 + 𝐶𝐿

𝐴,𝑏

1 +
𝑘𝐺,𝑙𝑜𝑐
𝑘𝐿,𝑙𝑜𝑐

𝐻

𝐶𝐿
𝐴,0 =

18.88 𝑘𝑚𝑜𝑙
𝑚3∙𝑎𝑡𝑚

∙0.1 𝑎𝑡𝑚 + 6.42∙10−2 𝑘𝑚𝑜𝑙
𝑚3

1 + 18.88 𝑘𝑚𝑜𝑙
𝑚3∙𝑎𝑡𝑚

∙9.35∙10−3 𝑎𝑡𝑚∙𝑚3

𝑘𝑚𝑜𝑙

= 1.66 𝑘𝑚𝑜𝑙
𝑚3

With Henry’s law:
𝑃𝐺

𝐴,0 = 𝐻𝐶𝐿
𝐴,0 = 9.35∙10−3 𝑎𝑡𝑚∙𝑚3

𝑘𝑚𝑜𝑙
∙1.66 𝑘𝑚𝑜𝑙

𝑚3 = 0.0155 [𝑎𝑡𝑚]

4)(2pts) From the equilibrium relations, we have that:
𝑚𝑔 = 𝐻 =

𝑃𝐺
𝐴,0 − 𝑃𝐺

𝐴,𝑒𝑞

𝐶𝐿
𝐴,0 − 𝐶𝐿

𝐴,𝑏
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𝑚𝑙 = 𝐻 =
𝑃𝐺

𝐴,𝑏 − 𝑃𝐺
𝐴,0

𝐶𝐿
𝐴,𝑒𝑞 − 𝐶𝐿

𝐴,0

By rearranging:
𝑃𝐺

𝐴,𝑒𝑞 = 𝑃𝐺
𝐴,0 − 𝐻 𝐶𝐿

𝐴,0 − 𝐶𝐿
𝐴,𝑏

𝐶𝐿
𝐴,𝑒𝑞 =

𝑃𝐺
𝐴,𝑏 − 𝑃𝐺

𝐴,0 + 𝐻𝐶𝐿
𝐴,0

𝐻

Therefore:
𝑃𝐺

𝐴,𝑒𝑞 = 0.0155 𝑎𝑡𝑚 − 9.35∙10−3 𝑎𝑡𝑚∙𝑚3

𝑘𝑚𝑜𝑙
1.66 𝑘𝑚𝑜𝑙

𝑚3 − 6.42∙10−2 𝑘𝑚𝑜𝑙
𝑚3

𝑃𝐺
𝐴,𝑒𝑞 = 5.79∙10−4[𝑎𝑡𝑚]

𝐶𝐿
𝐴,𝑒𝑞 =

0.1 𝑎𝑡𝑚 − 0.0155 𝑎𝑡𝑚 + 9.35∙10−3 𝑎𝑡𝑚∙𝑚3

𝑘𝑚𝑜𝑙
∙1.66 𝑘𝑚𝑜𝑙

𝑚3

9.35∙10−3 𝑎𝑡𝑚∙𝑚3

𝑘𝑚𝑜𝑙

𝐶𝐿
𝐴,𝑒𝑞 = 10.7 𝑘𝑚𝑜𝑙

𝑚3

5) (1pt) We have:
𝑛𝐴 = 𝐾𝐺, 𝑜𝑣𝑒𝑟𝑎𝑙𝑙 𝑃𝐺

𝐴,𝑏 − 𝑃𝐺
𝐴,𝑒𝑞 = 2.72∙10−4 𝑘𝑚𝑜𝑙

𝑚2∙𝑠∙𝑎𝑡𝑚
0.1 𝑎𝑡𝑚 − 5.79∙10−4 𝑎𝑡𝑚  

𝑛𝐴 = 2.70∙10−5 𝑘𝑚𝑜𝑙
𝑚2∙𝑠

6)(2pts) We have:
𝑛𝐴 = 𝐾𝐿,𝑜𝑣𝑒𝑟𝑎𝑙𝑙 𝐶𝐿

𝐴,𝑒𝑞 − 𝐶𝐿
𝐴,𝑏

𝐾𝐿,𝑜𝑣𝑒𝑟𝑎𝑙𝑙 = 𝑛𝐴

𝐶𝐿
𝐴,𝑒𝑞 − 𝐶𝐿

𝐴,𝑏

=
2.70∙10−5 𝑘𝑚𝑜𝑙

𝑚2∙𝑠
10.7 𝑘𝑚𝑜𝑙

𝑚3 − 6.42∙10−2 𝑘𝑚𝑜𝑙
𝑚3

= 2.54∙10−6 𝑚
𝑠

𝑛𝐴 = 𝑘𝐿,𝑙𝑜𝑐 𝐶𝐿
𝐴,0 − 𝐶𝐿

𝐴,𝑏

𝑘𝐿,𝑙𝑜𝑐 = 𝑛𝐴

𝐶𝐿
𝐴,0 − 𝐶𝐿

𝐴,𝑏

=
2.70∙10−5 𝑘𝑚𝑜𝑙

𝑚2∙𝑠
1.66 𝑘𝑚𝑜𝑙

𝑚3 − 6.42∙10−2 𝑘𝑚𝑜𝑙
𝑚3

= 1.69∙10−5 𝑚
𝑠
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𝑛𝐴 = 𝑘𝐺,𝑙𝑜𝑐 𝑃𝐺
𝐴,𝑏 − 𝑃𝐺

𝐴,0

𝑘𝐺,𝑙𝑜𝑐 = 𝑛𝐴

𝑃𝐺
𝐴,𝑏 − 𝑃𝐺

𝐴,0
=

2.70∙10−5 𝑘𝑚𝑜𝑙
𝑚2∙𝑠

0.1 𝑎𝑡𝑚 − 0.0155 [𝑎𝑡𝑚] = 3.20∙10−4 𝑘𝑚𝑜𝑙
𝑚2∙𝑠∙𝑎𝑡𝑚

As a verification, we can calculate:
𝑘𝐺,𝑙𝑜𝑐
𝑘𝐿,𝑙𝑜𝑐

=
3.20∙10−4 𝑘𝑚𝑜𝑙

𝑚2∙𝑠∙𝑎𝑡𝑚
1.69∙10−5 𝑚

𝑠
= 18.93 𝑘𝑚𝑜𝑙

𝑚3∙𝑎𝑡𝑚
≅ 18.88 𝑘𝑚𝑜𝑙

𝑚3∙𝑎𝑡𝑚

7) (1.5pts)

𝑘𝐿,𝑙𝑜𝑐
𝑚𝑎𝑣𝑔𝑘𝐺,𝑙𝑜𝑐

=
𝑘𝐿,𝑙𝑜𝑐

𝐻𝑘𝐺,𝑙𝑜𝑐
=

1.69∙10−5 𝑚
𝑠

9.35∙10−3 𝑎𝑡𝑚∙𝑚3

𝑘𝑚𝑜𝑙
∙3.20∙10−4 𝑘𝑚𝑜𝑙

𝑚2∙𝑠∙𝑎𝑡𝑚

= 5.65

Since 5.65 isn’t << 1 or >> 1, neither side is strongly limiting mass transport. However, because the
ratio is > 1, we have that the transport is slightly gas phase controlled.

Question 2 – Solutions (9 points)
a) (5.5 pts) Let’s consider three points, point 1 at the top of the water in the tower, point 2 at

point A, and point 3 at point B.
1

2

3
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We begin by applying Bernoulli’s equation between points 1 and 2. We can neglect friction losses and
there is no pump so:

𝑃1 + 𝜌𝑔ℎ1 +
𝜌𝑣2

1
2 = 𝑃2 + 𝜌𝑔ℎ2 +

𝜌𝑣2
2

2

𝑃2 = 𝑃1 + 𝜌𝑔(ℎ1 − ℎ2) +
𝜌(𝑣2

1 − 𝑣2
2)

2

We can assume that the speed of the water at the top of the tower is negligibly small by the continuity
equation. Since d1 >> d2, we will have that v2 >> v1.
Indeed, the continuity equation at point 1 gives:

𝑣1 = 𝑄
𝐴1

= 2∙10−3𝑚/𝑠
𝜋(4𝑚)2

4

= 1.59∙10−4 𝑚
𝑠 ≈ 0

So, it is fine to use v1 = 0.
Similarly, we can calculate v2.

𝑣2 = 𝑄
𝐴2

= 2∙10−3𝑚/𝑠
𝜋(0.05𝑚)2

4

= 1.02 𝑚
𝑠

Therefore:
𝑃2 = 𝑃1 + 𝜌𝑔(ℎ1 − ℎ2) −

𝜌𝑣2
2

2

𝑃2 = 101′325 𝑃𝑎 + 1000 𝑘𝑔
𝑚3 ∙9.81 𝑚

𝑠2 30 − 0 𝑚 −
1000 𝑘𝑔

𝑚3 1.02 𝑚
𝑠

2

2 = 395′105[𝑃𝑎]

We can now apply Bernoulli’s equation between points 2 and 3. We can neglect friction losses and
there is no pump so:

𝑃2 + 𝜌𝑔ℎ2 +
𝜌𝑣2

2
2 = 𝑃3 + 𝜌𝑔ℎ3 +

𝜌𝑣2
3

2

𝑃3 = 𝑃2 + 𝜌𝑔(ℎ2 − ℎ3) +
𝜌(𝑣2

2 − 𝑣2
3)

2

By using the continuity equation:
𝑣3 = 𝑄

𝐴3
= 2∙10−3𝑚/𝑠

𝜋(0.025𝑚)2

4

= 4.08 𝑚
𝑠
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So
𝑃3 = 395′105[𝑃𝑎] + 1000 𝑘𝑔

𝑚3 ∙9.81 𝑚
𝑠2 0 − 5 𝑚 +

1000 𝑘𝑔
𝑚3 (1.02 𝑚

𝑠 )2 − (4.08 𝑚
𝑠 )2

2

𝑃3 = 338′252[𝑃𝑎]

b) (3.5 pts) We have now that:
𝑃3,𝑛𝑒𝑤 = 6 𝑏𝑎𝑟 = 600′000 𝑃𝑎

The Bernoulli equation between point 2 that we chose before the pump and point 3 is now:
𝑃2 + 𝜌𝑔ℎ2 +

𝜌𝑣2
2

2 + 𝑃𝑝𝑢𝑚𝑝 = 𝑃3,𝑛𝑒𝑤 + 𝜌𝑔ℎ3 +
𝜌𝑣2

3
2

We have now:
𝑃3,𝑛𝑒𝑤 = 𝑃2 + 𝜌𝑔(ℎ2 − ℎ3) +

𝜌(𝑣2
2 − 𝑣2

3)
2 + 𝑃𝑝𝑢𝑚𝑝

From a), we have:
𝑃3,𝑛𝑒𝑤 = 600′000 𝑃𝑎 = 338′252[𝑃𝑎] + 𝑃𝑝𝑢𝑚𝑝

So:
𝑃𝑝𝑢𝑚𝑝 = 261′748 𝑃𝑎

The pump power is:
𝑃𝑜𝑤𝑒𝑟 = 𝑄𝜌𝑔𝐻𝑝 = 𝑄𝑃𝑝𝑢𝑚𝑝 = 2∙10−3 𝑚

𝑠 × 261′748 𝑃𝑎 = 523.5 𝑊

If the mechanical efficiency of the pump is 80% (𝜂 = 80%), then the mechanical power required to
operate the pump is equal to:

𝑀𝑒𝑐ℎ𝑎𝑛𝑖𝑐𝑎𝑙 𝑃𝑜𝑤𝑒𝑟 = 𝑃𝑜𝑤𝑒𝑟
𝜂 = 654.4 [𝑊]

Question 3 – Solution (14 points)
1) (3pts) If there is no insulation layer, heat transfer occurs only through external convection.

Therefore, the heat transfer from the air is:
𝑄̇ = 𝐴𝑐𝑜𝑛𝑣𝑒𝑐.ℎ(𝑇𝑎𝑖𝑟 − 𝑇𝑁2)

The surface area for convection is the external surface area of a sphere:
𝐴𝑐𝑜𝑛𝑣𝑒𝑐. = 4𝜋𝑟2 =  4𝜋(1.5 𝑚)2 = 28.27 𝑚2
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We know 𝑇𝑎𝑖𝑟 = 15 𝐶𝑜  𝑎𝑛𝑑 𝑇𝑁2 =− 196 𝐶𝑜  .Therefore:
𝑄̇ = 𝐴ℎ 𝑇𝑎𝑖𝑟 − 𝑇𝑁2 = 28.27 𝑚2 ∙35 𝑊

𝑚2∙𝐾
 ∙ 15 − − 196 [𝐾] = 208′773 𝑊

= 208.773 𝑘𝐽∙𝑠−1

The evaporation rate of liquid nitrogen is given by: (𝐿𝑣𝑎𝑝 = 198 𝑘𝐽/𝑘𝑔)

𝑄̇ = 𝑚̇∙𝐿𝑣𝑎𝑝

Therefore:
𝑚̇ = 𝑄̇

ℎ𝑣𝑎𝑝𝑜𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛
= 208.773 𝑊

198 𝑘𝐽∙𝑘𝑔−1 = 1.055 𝑘𝑔∙𝑠−1

2) (3pts) The evaporation rate is 1.055 kg/s from 1).
The time required to completely evaporate nitrogen is given by:

𝑡 = 𝑚
𝑚̇

The total mass of nitrogen is simply given by:
𝑚 = 𝑉∙𝜌 = 4

3 𝜋𝑟3𝜌 = 4
3 𝜋 1.5𝑚 3 ∙807 𝑘𝑔

𝑚3 = 11′409 𝑘𝑔

Therefore:
𝑡 = 11′409 𝑘𝑔

1.055 [𝑘𝑔∙𝑠−1]
= 10′814 𝑠 = 180 𝑚𝑖𝑛 = 3[ℎ]

3) (2pts) To derive the thermal resistance for conduction in a spherical geometry, we need to
solve the Fourier’s law differential equation:

𝑄̇ =− 𝑘𝐴 𝑑𝑇
𝑑𝑟

For a spherical geometry, the area (A) is 4𝜋𝑟2. Therefore, the equation becomes
𝑄̇ =− 4𝑘𝜋𝑟2 𝑑𝑇

𝑑𝑟Rearranging the equation yields
𝑄̇∙ − 1

4𝑘𝜋
∙

𝑟2

𝑟1

𝑑𝑟
𝑟2 =

𝑇2

𝑇1
𝑑𝑇

The resistance can be calculated by solving the equation above. By definition, the thermal
resistance will be:

𝑄̇ = ∆𝑇
𝑅𝑐𝑜𝑛𝑑
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4) (5.5 pts) With the insulation layer, there are two heat transfer resistance in the system:
external convection of air, and conduction inside the insulating layer. These two thermal
resistances are in series. Therefore,

𝑅𝑒𝑞 = 𝑅𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 + 𝑅𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛 

First, let’s calculate 𝑅𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛:

Note that due to the addition of the insulation layer, the area of convection is slightly bigger.

𝐴𝑐𝑜𝑛𝑣𝑒𝑐. = 4𝜋𝑟2 =  4𝜋(1.55 𝑚)2 = 30.2 𝑚2

𝑅𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 = 1
𝐴ℎ

= 1

30.2[𝑚2]∙35 𝑊
𝑚2∙𝐾

= 9.46∙10−4𝐾∙𝑊−1

We can calculate 𝑅𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 with the given formula:

𝑅𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛 =
1
𝑟1

  −  1
𝑟2

4𝑘𝜋
=

1
1.5𝑚  −  1

1.55𝑚
4𝜋∙ 0.035 𝑊

𝑚∙𝐾

= 0.0489 𝐾∙𝑊−1

Hence:

𝑅𝑒𝑞 = 𝑅𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 + 𝑅𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛 = 9.46∙10−4 +  0.0489 = 0.0498 𝐾∙𝑊−1 

The heat transferred to the nitrogen is then:

𝑄̇ = (𝑇𝑎𝑖𝑟 − 𝑇𝑁2)
𝑅𝑒𝑞

= 15 − − 196 [𝐾]

0.0498 𝐾
𝑊

= 4237 𝑊 = 4.237 (𝑘𝐽∙𝑠−1)

The external temperature of the insultation layer in contact with air can be found with one of
the equations below:

𝑄̇ =
(𝑇𝑖𝑛𝑠𝑢𝑙𝑎𝑡𝑖𝑜𝑛−𝑇𝑁2)

𝑅𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑜𝑛

𝑄̇ = (𝑇𝑖𝑛𝑠𝑢𝑙𝑎𝑡𝑖𝑜𝑛−𝑇𝑎𝑖𝑟)
𝑅𝑐𝑜𝑛𝑣𝑒𝑐𝑖𝑜𝑛

So:
𝑇𝑖𝑛𝑠𝑢𝑙𝑎𝑡𝑖𝑜𝑛 = 𝑇𝑎𝑖𝑟 − 𝑄∙𝑅𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 = 15°𝐶 − 4237 𝑊∙9.46∙10−4 𝐾∙𝑊−1 = 11°𝐶

𝑇𝑖𝑛𝑠𝑢𝑙𝑎𝑡𝑖𝑜𝑛 = 𝑇𝑁2 + 𝑄∙𝑅𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑖𝑛𝑜 =− 196°𝐶 + 4237 𝑊∙0.0489 𝐾∙𝑊−1 = 11°𝐶
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The rate of evaporation is:
𝑄̇ = 𝑚̇∙𝐿𝑣𝑎𝑝

 𝑚̇ = 𝑄̇
𝐿𝑣𝑎𝑝

= 4.233 𝑘𝐽∙𝑠−1

198 𝑘𝐽/𝑘𝑔
= 0.0214 𝑘𝑔/𝑠

5) (0.5 pts) This time, we have:
𝑡 = 𝑚

𝑚̇ = 11′409 𝑘𝑔
0.0214 [𝑘𝑔∙𝑠−1]

= 533′131 𝑠 = 8′886 𝑚𝑖𝑛 = 148 ℎ = 6.2[𝑑𝑎𝑦𝑠]

Question 4 – Solution (11 points)
1) (2.5 pts) At steady-state the molar flux of CO2 (A) inside the membrane (B) is given by Fick’s

law:

𝑗
𝐶𝑂2

=−
𝐷𝐴𝐵 𝐶𝐶𝑂2,0,𝑃 − 𝐶𝐶𝑂2,0,𝐹

𝐿

We know: DAB = 1.28∙10−8 cm2/s = 1.28∙10−12 m2/s for CO2 (A) in the membrane (B) L = 5 μm = 5⸱10-6 m
 CCO2,bulk,P = 0 mol/m3because CO2 is constantly being removed by N2on the permeantside, thus CCO2,0,P = 0 mol/m3
 CCO2,0,F = 40 CCO2,bulk,Fon the feed side
The concentration of CO2 in the gas phase is given by:

𝐶𝐶𝑂2,𝑏𝑢𝑙𝑘,𝐹 =
𝑃𝐶𝑂2,𝑏𝑢𝑙𝑘,𝐹

𝑅𝑇 = 10′000 [𝑃𝑎]

8.314 𝐽
𝑚𝑜𝑙∙𝐾

∙298.15 [𝐾]
= 4.03 𝑚𝑜𝑙

𝑚3

Therefore:
𝐶𝐶𝑂2,0,𝐹 = 40∙𝐶𝐶𝑂2,𝑏𝑢𝑙𝑘,𝐹 = 40∙4.03 𝑚𝑜𝑙

𝑚3 = 161 𝑚𝑜𝑙
𝑚3

The flux is:
𝑗
𝐴

=−
1.28∙10−12 𝑚2

𝑠 0 − 161 𝑚𝑜𝑙
𝑚3

5∙10−6 𝑚
= 4.12∙10−5 𝑚𝑜𝑙

𝑚2𝑠

2) (2.5 pts) With the information given, the flux of CH4 (C) through the membrane (B) is:

𝑗
𝐶𝐻4

= 1
100 𝑗

𝐶𝑂2
=−

𝐷𝐶𝐵 𝐶𝐶𝐻4,0,𝑃 − 𝐶𝐶𝐻4,0,𝐹
𝐿

= 4.12∙10−7 𝑚𝑜𝑙
𝑚2𝑠

Where: L = 5 μm = 5⸱10-6 m
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 CCH4,bulk,P = 0 mol/m3because CH4 is constantly being removed by N2 in the bulk of thepermeant side, thus CCH4,0,P = 0 mol/m3
 CCH4,0,F = 6 CCH4,bulk,Fon the feed side
Similarly to the case with CO2:

𝐶𝐶𝐻4,0,𝐹 = 6∙𝐶𝐶𝐻4,𝑏𝑢𝑙𝑘,𝐹 = 6∙4.03 𝑚𝑜𝑙
𝑚3 = 24.2 𝑚𝑜𝑙

𝑚3

Thus, we have:
𝐷𝐶𝐵 = − 𝐿

100 𝐶𝐶,0,𝑃 − 𝐶𝐶,0,𝐹
𝑗𝐴

𝐷𝐶𝐵 = − 5∙10−6 𝑚

100 0 − 24.2 𝑚𝑜𝑙
𝑚3

∙4.12∙10−5 𝑚𝑜𝑙
𝑚2𝑠

= 8.51∙10−14 𝑚2

𝑠

3) (6 pts) To calculate the molar flux rate in the membrane we need to find the concentration
of CH4 and CO2 at the interface on the permeant side. We can calculate the bulk
concentration of CH4 and CO2 at the permeant side from ideal gas relation (T=298 K).
First, we calculate the partial pressure of CO2 and CH4 on the permeant side from the given
information.

𝑃𝐶𝑂2,𝑏𝑢𝑙𝑘,𝑃 = 5000 𝑃𝑎 × 0.9 = 4500 [𝑃𝑎]

𝑃𝐶𝐻4,𝑏𝑢𝑙𝑘,𝑃 = 5000 𝑃𝑎 × 0.1 = 500 [𝑃𝑎]

Using ideal gas relation, bulk concentration of CO2 and CH4 are calculated as:
𝑃𝐶𝑂2,𝑏𝑢𝑙𝑘,𝑃 = 𝐶𝐶𝑂2,𝑏𝑢𝑙𝑘,𝑃𝑅𝑇 = 4500 𝑃𝑎 = 𝐶𝐶𝑂2,𝑏𝑢𝑙𝑘,𝑃 × 8.314 𝑃𝑎∙𝑚3

𝑚𝑜𝑙∙𝐾
× 298 𝐾

𝐶𝐶𝑂2,𝑏𝑢𝑙𝑘,𝑃 = 1.8 𝑚𝑜𝑙
𝑚3

Similarly,
𝑃𝐶𝐻4,𝑏𝑢𝑙𝑘,𝑃 = 𝐶𝐶𝐻4,𝑏𝑢𝑙𝑘,𝑃𝑅𝑇 = 500 𝑃𝑎 = 𝐶𝐶𝐻4,𝑏𝑢𝑙𝑘,𝑃 × 8.314 𝑃𝑎∙𝑚3

𝑚𝑜𝑙∙𝐾
× 298 𝐾

𝐶𝐶𝐻4, 𝑏𝑢𝑙𝑘,𝑃 = 0.2 𝑚𝑜𝑙
𝑚3

We know CO2 and CH4 in the bulk are in equilibrium with the membrane interface at the
permeant side. We know that at equilibrium 𝐶𝐶𝑂2, 0,𝑃 = 40 𝐶𝐶𝑂2,𝑏𝑢𝑙𝑘,𝑃 𝑎𝑛𝑑 𝐶𝐶𝐻4, 0,𝑃 =
6 𝐶𝐶𝐻4,𝑏𝑢𝑙𝑘,𝑃.
With this information we can calculate 𝐶𝐶𝑂2, 0, 𝑃 and 𝐶𝐶𝐻4,0, 𝑃:

𝐶𝐶𝑂2, 0, 𝑃 = 72 𝑚𝑜𝑙
𝑚3

𝐶𝐶𝐻4, 0, 𝑃 = 1.2 𝑚𝑜𝑙
𝑚3
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The interfacial concentration of CO2 and CH4 on the feed side does not change, and we can
use the values calculated in part 1) and 2). Therefore, the molar flux is calculated as:

𝑗
𝐶𝑂2

=−
𝐷𝐴𝐵 𝐶𝐶𝑂2,0,𝑃 − 𝐶𝐶𝑂2,0,𝐹

𝐿
=

1.28∙10−12 𝑚2

𝑠 72 − 161 𝑚𝑜𝑙
𝑚3

5∙10−6 𝑚

𝑗
𝐶𝑂2

= 2.3 × 10−5  𝑚𝑜𝑙
𝑚2𝑠

Similarly,

𝑗
𝐶𝐻4

=−
𝐷𝐶𝐵 𝐶𝐶𝐻4,0,𝑃 − 𝐶𝐶𝐻4,0,𝐹

𝐿
=

8.51∙10−14 𝑚2

𝑠 1.2 − 24.2 𝑚𝑜𝑙
𝑚3

5∙10−6 𝑚

𝑗
𝐶𝐻4

= 3.9 × 10−7 𝑚𝑜𝑙
𝑚2𝑠

Question 5 – Solution (7 points)
a) (2.5 pts) We know:

 𝑚̇𝑜𝑖𝑙 = 0.4 𝑘𝑔
𝑠 𝑎𝑛𝑑 𝑚̇𝑤𝑎𝑡𝑒𝑟 = 0.2 𝑘𝑔

𝑠   
 𝑇ℎ,𝑖 = 60 𝐶, 𝑜  𝑇ℎ,𝑜 = 40 𝐶, 𝑜

 𝑇𝑐,𝑖 = 30 𝐶𝑜

 𝐶𝑝, 𝑜𝑖𝑙 = 2006 𝐽
𝑘𝑔.𝐾

,𝐶𝑝,𝑤𝑎𝑡𝑒𝑟 =  4178 𝐽
𝑘𝑔.𝐾

We want to calculate:
 𝑇𝑐,𝑜 = ?𝑎𝑛𝑑 𝑄 = ?

To calculate the heat transferred between the two fluids we can use their heat capacity and their
change in temperature:
For the oil, we have:

𝑄ℎ = 𝑚̇ 𝑜𝑖𝑙 𝐶𝑝 𝑜𝑖𝑙 ∆𝑇 𝑜𝑖𝑙

𝑄ℎ = 0.4 𝑘𝑔
𝑠 × 2006 𝐽

𝑘𝑔∙𝐾
× 60 − 40 𝐾 = 16′048 [𝑊]

By using the same equation for the water, we can find 𝑇𝑐,𝑜.

And
𝑄ℎ = 𝑄𝑐

So
𝑄𝑐 = 𝑚̇ 𝑤𝑎𝑡𝑒𝑟 𝐶𝑝  𝑤𝑎𝑡𝑒𝑟 ∆𝑇 𝑤𝑎𝑡𝑒𝑟
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𝑇𝑐,𝑜 = 𝑇𝑐,𝑖 + 𝑄𝑐
𝑚̇ 𝑤𝑎𝑡𝑒𝑟 ∙𝐶𝑝  𝑤𝑎𝑡𝑒𝑟

= 30°𝐶 + 16′048 [𝑊]

0.2 𝑘𝑔
𝑠 ∙4178 𝐽

𝑘𝑔∙𝐾

= 49.2 [ 𝐶𝑜 ]

b) (2.5 pts) We can calculate DTlm by using the equation for counter-flow heat exchanger:
∆T𝑙𝑚 = ∆𝑇1 − ∆𝑇2

ln ( ∆𝑇1
∆𝑇2

)

Where ∆𝑇1 = 𝑇ℎ,𝑖 − 𝑇𝑐,𝑜 and ∆𝑇2 = 𝑇ℎ,𝑜 − 𝑇𝑐,𝑖

∆T𝑙𝑚 = (60 − 49.2) − (40 − 30)
ln ( 60 − 49.2

40 − 30 )
= 10.4 [ 𝐶]𝑜  

We can find the overall heat transfer coefficient (U) by applying the equation 𝑄 = 𝐴 × 𝑈 × ∆T𝑙𝑚 .
𝑄 = 16′048 𝑊 = 6.8 𝑚2 × 𝑈 × 10.4 [ 𝐶𝑜 ]

𝑈 = 227 [ 𝑊
𝐾.𝑚2 ]

c) (2 pts) To take into account the deposition of salts and the fouling factor, we have to recalculate
𝑈𝑛𝑒𝑤 based on the below equation:

1
𝑈𝑛𝑒𝑤

= 𝑅𝐶𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 + 𝑅𝑐𝑜𝑛𝑑𝑢𝑡𝑖𝑜𝑛 + 𝑅𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 + 𝑅𝑓𝑜𝑢𝑙𝑖𝑛𝑔

We know from previous section that:
1
𝑈 = 𝑅𝐶𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 + 𝑅𝑐𝑜𝑛𝑑𝑢𝑡𝑖𝑜𝑛 + 𝑅𝑐𝑜𝑛𝑣𝑒𝑐𝑡𝑖𝑜𝑛 = 1

227  [ 𝐾.𝑚2

𝑊
]

By inserting this information and 𝑅𝑓𝑜𝑢𝑙𝑖𝑛𝑔 :
1

𝑈𝑛𝑒𝑤
= 1

227  𝐾.𝑚2

𝑊
+ 0.000176 𝐾.𝑚2

𝑊

𝑈𝑛𝑒𝑤 = 218.3 [ 𝑊
𝐾.𝑚2 ] 
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Question 6 – Solution (4 points)
Let’s consider the following coordinate system.

The drag force caused by the viscosity of the oil must equal the component of weight along the surface
by Newton 1st law since velocity is constant (i.e. no acceleration)

∑𝐹 = 𝑚𝑎 = 𝐹𝑔𝑟𝑎𝑣𝑖𝑡𝑦 + 𝐹𝑠ℎ𝑒𝑎𝑟 = 0

So:
𝐹𝑔𝑟𝑎𝑣𝑖𝑡𝑦 =− 𝐹𝑠ℎ𝑒𝑎𝑟

Let’s consider the projections in the x-direction:
𝐹𝑔𝑟𝑎𝑣𝑖𝑡𝑦,𝑥 = − 𝐹𝑠ℎ𝑒𝑎𝑟,𝑥 =− 𝐴∙𝜏𝑥𝑦

𝑚∙𝑔∙ sin 𝜃 =− − 𝐴∙𝜇 𝑑𝑣𝑥
𝑑𝑦

= 𝐴∙𝜇 𝑣𝑥
ℎ

So:
𝜇 = 𝑚∙𝑔∙ sin 𝜃 ⸱ℎ

𝑣𝑥∙𝐴

𝜇 =
5.1 𝑘𝑔∙9.81 𝑚

𝑠2 ∙ sin 20 ⸱0.0008 𝑚

0.07 𝑚
𝑠 ∙ 0.5𝑚 2

= 0.782 𝑘𝑔
𝑚∙𝑠 = 𝑃𝑎∙𝑠

y

x


